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Transformations for Estimation of Linear Models 

with Nested-Error Structure 
WAYNE A. FULLER and GEORGE E. BATTESE* 

Two linear models with error structure of the nested type are consid- 
ered. Transformations are presented by which uncorrelated errors with 
constant variances are obtained. The transformed observations are 
differences between the original observations and multiples of aver- 
ages of subsets of the observations. The transformations permit the 
calculation of the generalized least-squares estimators and their co- 
variance matrices by ordinary least-squares regression. Regression- 
type estimators are presented for use when the variance components 
are unknown. Sufficient conditions are presented under which the esti- 
mated generalized least-squares estimator is unbiased and asymptoti- 
cally equivalent to the generalized least-squares estimator. 

1. INTRODUCTION 

For the linear model 

Y = X@ + u, 
where 

X is an (n X p )  matrix of fixed constants of rank p ;  
j3 is a vector of p unknown parameters; 
E(u) = 0; and 
E(uu') = V, where V is positive-definite, 

it  is well known that the besblinear-unbiased estimator 
for @ is the generalized least-squares estimator 

- 
Q = (XtV-1X)-'XtV-lY (1.2) 

cov (@) = (X'V-lX)-l. (1.3) 

which has covariance matrix 

Except for special forms of the covariance matrix V, 
the generalized least-squares estimates and their vari- 
ances and covariances are not obtained by the ordinary 
least-squares regression of Y on X. To obtain the gen- 
eralized least-squares estimates by the matrix operations 
suggested by (1.2) may not be computationally con- 
venient. With a large number of observations on the 
variables in a linear model, it is possible that the storage 
required by the available programs exceeds that of the 
computer facilities. 

If, however, a transformation matrix T can be found 
such that the transformed errors 

U* = TU (1.4) 

are uncorrelated with constant variances, the generalized 
least-squares estimator (1.2) is given by the regression of 
the transformed dependent variable T Y  on the trans- 
formed independent variables T X .  Further, the statistics 
obtained by an ordinary least-squares regression program 
are appropriate for hypothesis testing. Numerous ways 
are available for constructing the T matrix of (1.4). The 
utility of any particular transformation depends on its 
computational convenience. Lemma 1 gives a procedure 
for constructing the matrix V-4 which satisfies the 
relationship 

V-4VV-4 = I,. 

With use of the transformation matrix T = V-4, the 
transformed errors Tu are uncorrelated with variances 
equal to one. 

Lemma 1: If V is an (n X n) positive definite sym- 
metric matrix with distinct characteristic roots XI, XZ, . . . , 
X, having multiplicity ml, m2, . . e l  m,, respectively, where 
C;=l mi = n, then V can be expressed as V = CS=1 XiAi, 
where the A; are mutually orthogonal, symmetric idem- 
potent matrices which satisfy the conditions VA; = X;A;, 
i = 1, 2, . . ., r.  The matrix V-t defined by 

V-t = Cs=1 Lr'A; 

satisfies the relationship V-tVV-4 = I,. 

Proof: Let B, denote an (n X mi)  matrix of mi mutually 
orthogonal, normalized characteristic vectors associated 
with X i  and let the (n X n) matrix A; be defined by 
A; = B;B(, i = 1, 2, . . ., r .  It follows that VA; = X;A; 
since Bi satisfies the condition VB; = X;Bi. The A; are 
mutually orthogonal, symmetric idempotent matrices and 
the matrix A; is thus idempotent and has rank, the 
sum of the ranks of the A, (e.g., see Theorems 1.68 and 
1.69 of [S]). Hence the matrix A, is the identity 
matrix of order n. Therefore, the matrix Q = CI=1 X;A; 
has inverse Q-' = Xi'A,. Since 

VQ-' = C:=l Xi'VAi = C:=1 L-'(X;A;) '= I,, 

the matrix XiA; is equal to,  V. Further, 
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For linear models with nested-error structure the de- 
composition V = C:=1 X,Ai is easily obtained. We sug- 
gest a transformation matrix that is a multiple of the 
matrix V-t. The transformation has the advantage that 
it can be performed by relatively simple arithmetic 
operations. 

In most practical problems, the nonzero elements of 
the matrix V are unknown and must be estimated from 
sample data. If the estimated covariance matrix is 
denoted by 9, we obtain the values of the estimated, 
generalized least-squares estimator 

8 = (X’$hx)-q’V-1y (1.5) 

by the ordinary least-squares regression of *Y on T X ,  
where ‘f is the estimate for the transformation matrix T 
obtained from the elements of 9. 

2. THE ONE-FOLD, NESTED-ERROR MODEL 

2.1 Model Presentation 

Frequently data arise from the random selection of 
“individuals” for which several “measurements” are 
made. For example, a sample of women may be selected 
and height measurements taken for the individuals over 
several years in a study of the relationship between 
height and age of adult women. This “nesting” pattern, 
by which the data are generated, has, in general, a 
significant bearing on the statistical model that is ap- 
propriate for satisfactory analyses of the data. 

In  the presentation of the statistical model for the 
analysis of observations that arise in a one-fold, nested 
structure, we denote the variable under study by the 
letter y with two subscripts. The first subscript dis- 
tinguishes the “individual” in the sample, and the second 
subscript distinguishes the “measurement” for the par- 
ticular individual. We assume that t “individuals” are 
selected at  random and that ni “measurements’1 are 
made on the ith individual. We do not require that the 
number of measurements be the same for all individuals. 
The linear model is expressed as 

yij = ckp-1 xijkpk + uij, 

, tl (2.1) 

(2.2) 

j = 1, . . ., ni; i = 1, . . . 
and 

where 
u . .  - v .  + e . .  ‘ I  - , t 3  

yij  denotes the value of the jth measurement for the ith 
individual ; 

Zi ik ,  k = 1, . . ., p, denote the levels of the p control variables 
at which the observation y i ,  is obtained (the Zijk are assumed 
fixed constants) ; 

Pk, k = 1, . . ., p, denote the unknown parameters to be esti- 
mated; and 

uii, the random error associated with yii ,  is assumed the sum of 
the random effect associated with the ith sample individual 
(ui) and the random effect associated with the jth measure- 
ment for the ith individual in the sample (eii) .  

The random errors vi and ei, are assumed indepen- 

dently distributed with zero means and variances uf and 
ue, respectively, where uf 2 0 and ui  > 0. The co- 
variance structure for the random errors ul1, defined by 
(2.2), is thus expressed by 

E(utju,flt) = a: + u,, if i = i’, ,i = j ’  

2 

2 

if i = i’, j # j’ (2.3) 2 - - UVl 

= 0, if i # i’. 

Subsamples from primary sampling units and split- 
plot experiments are classical examples of situations in 
which the error mode! (2.2) may arise. Thus, for these 
examples, t is interpreted as the number of primary 
sampling units in the sample or the number of whole- 
plots in the experiment, and n, is interpreted as the 
number of elements subsampled in the ith primary 
sampling unit or the number of subplots in the ith whole- 
plot. In the split-plot, experimental-design situation, the 
number of subplots in each whole-plot is generally the 
same for all whole-plots. 

2.2 Transformation for the One-Fold, Nested-Error Model 

We suggest the transformation of (2.1) into the regres- 
sion equation 

y i j  - aigi. = ckp-1 (xijk - aiZi.k)bk + u:’ (2.4) 

where 
ai = 1 - [ui/(ci + niu:)]* (2.4a) 

and g , , ,  &.k, k = I ,  2, . . ., p ,  denote the averages of the 
ni y- and x-measurements on the ith individual. In 
Theorem 1 we prove that the errors, u:~, are uncorrelated 
and have variances cz. 

This transformation was suggested by Fuller in 1965 
and presented in [ll, p. 951. It has been applied in 
several agronomic studies (e.g., [2, 121) and in a nutri- 
tional study of individuals over time [4]. 

Theorem 1 :  For the linear model (2.1)-(2.3), the 
transformed errors, uTj = ui, - a i U i . ,  where 

ni 
Ci. = Cj-1 uij/ni, 

are uncorrelated and have variances u:. 
Proof: The result can be proved by direct evaluation 

of the expectations. An alternative approach is to express 
the model in matrix notation and show that the trans- 
formed model (2.4) is obtained with use of the results of 
Lemma 1. We write the linear model (2.1) as 

(2.5) Y = X @ + u  

where Y = (Y;, Y6, . . ., Yi), Y: = (yil, yi2, . . ., y i n i )  and 
the X and u matrices are constructed similarly. We 
assume that the (N1 x p )  matrix X in (2.5) is a matrix 
of fixed constants and has rank p ,  where N1 denotes the 
number of observations on the y-variable for the onefold, 
nested-error model (i.e., NI = Cf=, n,). 

Given the assumptions on the random errors viand 
eij, the covariance matrix for the vector u is the block- 
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diagonal matrix 

V =  
v1 0 . . .  0 
0 v 2  ‘ . .  0 

0 0 . . ‘  Vt 
. .  . .  

(2.6a) 

and I,, denotes the identity matrix of order n,, and Jn,  

denotes the (n, x n,) matrix with all elements equal 
t o  one. 

It is readily verified that the characteristic roots of 
V, are 0: and (n: + n,aJ, having multiplicity (n, - 1) 
and 1, respectively. Further, V, is equivalently ex- 
pressed as 

2 

where [Ini - (l/n;) Jn,] and (l/n;) Jni are symmetric 
idempotent matrices that are mutually orthogonal. From 
Lemma 1, or by direct multiplication, we find that the 
matrix 

transforms the error vector ui, associated with the 
covariance matrix (2.7), into a vector of errors that are 
uncorrelated with variances equal to one. Thus the 
matrix Ti = a,Vcf transforms the error vector ui to  a 
vector of uncorrelated random variables with variances 
at. The matrix Ti is equivalently expressed as 

Thus, by pre-multiplying the one-fold, nested-error model 
(2.5) by the block-diagonal matrix 

T =  (2.9a) 

we obtain the transformed model that is expressed 
algebraically by equation (2.4). 

2.3 Estimation of Variance Components 

When the variance components a: and a: are un- 
known, the values of the transformation factors a, defined 
in (2.4a) must be estimated from estimates of of and a:. 
The different techniques available for estimation of 
variance components are reviewed by Searle [lo], but 
no definitive results are available to  suggest the “best” 
method. To  estimate the variance components in our 
model, we use the well known “fitting-of-constants” 

By regressing the y-deviations, y,, - gl . ,  on the 
x-deviations, x,,k - %kl k = 1, 2, . . - ,  p ,  that are not 
identically zero, we obtain the unbiased estimator for a: 

(2.10) 6: = 6’6/(N1 - t - p + A,) 
where 6’6 denotes the residual sum of squares obtained 
from the regression and A1 is the number of x-variables 
which are a linear combination of the indicator variables 
for individuals. By use of the deviations from individual 
means, the “individual effects” are removed. If the only 
x-variable which is a linear combination of the indicator 
variables for individuals is a column of ones, then the 
regression is performed on the p - 1 columns of x-devia- 
tions x%,k - %.k, k = 2, ‘ . ., p .  

The variance component af is unbiasedly estimated by 

2 G’G - (N1 - p)62, 
8, = (2.11) 

N 1  - t r  [(X’X)-l C1. np’. 2 ; ]  t-1 *. 

where ii’i3 denotes the residual sum of squares from the 
regression of Y on X, and 3;. denotes the (1 X p )  vector 
having kth element % k ,  k = 1, 2, . ’ ., p .  

We suggest the non-negative estimator of af 

6: = af if af > o 
= 0 otherwise. 

(2.1 1 a) 

The estimators for a: and at, given by (2.10) and 
(2.11a), are substituted into (2.4a) to obtain estimators 
for the transformation factors. 

In  the classical split-plot experiment (where n; = n 
for all i), the expectations of the split-plot error mean 
square and the whole-plot error mean square are a: and 
a: + na:, respectively, in our notation (see [S, p. 3751). 
This implies that, for data from split-plot experiments, 
the transformation factor (2.4a) can be estimated by use 
of the split-plot and whole-plot error mean square aa 
computed from the splibplot, analysis-of-variance table. 

2.4 Properties of the Estimated, Generalized 
Least-Squares Estimator 

The estimated, generalized least-squares estimator 
(1.5), obtained by use of the estimators 6; and S:, re- 
mains unbiased for /3 in a wide range of situations. 

Theorem 2: If the errors, u,j, in the linear model 
(2.5)-(2.6) have fourth moments and are symmetrically 
distributed, and if the expectation of exists, then 

E ( @ )  = E (  (X’V-1X)-lX’V-lY} = @. 

Proof: Since u is distributed symmetrically about zero 
and the estimators 6; and 6; are even functions of u, it 
follows from the result of Kakwani [7] that @ is unbiased 
if its expectation exists. To  demonstrate that the expecta- 
tion exists, we consider an arbitrary linear combination 
of ( @- 9). Let q denote any vector of real numbers from method suggested by Henderson [6] and discussed by 

Searle [lo, p. 541. ndimensional space. We consider the expectation of 
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Idxce - 9) I .  Now 
Iq'X(@ - 0) I = ~q'V+V-fx(x'V-~x>-~x'V-lu~ 

5 (q' 0,) +[U' V-lX( X' V-lX)-lX' V-lu]+ 
- < (q' 0,) +(U' v-lu) + 

where the last inequality follows from the fact that 
v-tX( X'V-lX)-lX'v-i is a symmetric idempotent matrix. 

The minimum and maximum characteristic roots of 
are and $2, + nLBz ,  respectively, where nL is the largest 
of the ni, i = 1, 2, . . ., t. Therefore 

Since (6: + n&) is bounded by a multiple of u'u, the 
multiple depending on the matrix X, and since the 
expectation of exists, and the uij have fourth 
moments, it follows that Elq'X(@ - @)I  is finite and 
thus E(Q) = @. 

We note that if the errors u,, are normally distributed 
and if (N1 - t - p + XI) > 2, then the expectation of 

To  consider the large-sample properties of the esti- 
mated, generalized least-squares estimator, we first set 
the problem in a somewhat more general context. We 
express the model as 

exists, and hence @ is unbiased for 9. 

(2.12) 

X, denotes an (n X p) matrix of fixed constants of rank p;  
p is a vector of p unknown parameters ; 
E(u,) ,= 0 for all n; and 
E(u,,&) = V, and V,' exists for all n. 

We define the regularity conditions: 

(1) The elements of V, are functions of a q-dimensional vector 
of parameters y, such that the elements of the matrices 

are continuous functions of y in an open sphere S of 9, the 
true value of the parameter vector y ; 

(2) The sequences of matrices ( X,) and (V,) are such that 

1 
lim - X'V,'(y)X, = M(y), ,-.- n 

where M(y) is a (p x p) matrix of fixed constants such that 
M-l(y) exists for all y in S, and 

1 
*+- n 
lirn - gGnr(y)Xn = H,(y), 

where H,(y) is a matrix whose elements are continuous func- 
tions of y, T = 1, 2, . . ., q ;  and 

(3) An estimator, $, = V,($), for V, = V,(yO) is available 
such that V i l (  $) exists for all n and $ satisfies the condition 

.i. = yo + Op(n-*), 6 > 0. 
Theorem 3: The regularity conditions (1)-(3) for the 

estimator 
f i n  = (xv ; lx , ) - lxv ; lYn  

ijn = ( ~ v ; l x n ) - l x v ; ' Y n .  

to have the same asymptotic distribution as the estimator 

Proof: A sketch of the proof is the following: 
The estimator Bn can be written 

B n  = 9 + [x~vR~(~)x~]-'~v,'(~)~,. 
By a Taylor's expansion with remainder about the true 
parameter yo, we obtain 

' -1 
( x n v n  (f)Xn)-'XLV;l(+)un 

where y* is between yo and y. By the regularity conditions 
(1)-(3), it follows that 

(Bn - 0) = ( i jn  - 0) + OP[n-(++*)I 
and so 

dG($n - 6) = dG<ijn - 0) + Op(n-'). 

Corollary 3: Given the model Y n  = Xnp + u,, where 
the elements of U, are independent random variables 
with the covariance structure of (2.3), the u,, have finite 
fourth moments, t-l and (n, - 1)I-l are both of 
order n-*, 6 > 0, where n = C:=1 n;, Z X n  is nonsingular 
for all n, and lirn,,, ( l / n ) g X ,  andl i , , ,  (l /n)xV,'Xn 
exist and are positive definite ( p  x p )  matrices; then 

^en = (x:v;'xn)-lx;V,'Y, 

en = (x;v;'x,)-'X;v;'Yn. 

has the same asymptotic distribution as the estimator 

Proof: The matrix V,, associated with the nested 
model, is a function of the two parameters u: and u:. The 
matrix Vn is block-diagonal with ith block 

The matrices denoted by G,,(y) in condition (1) of 
Theorem 3 are block diagonal with the matrices 

linear model (2.12) are sufficient conditions for the i = 1, 2, '", t 
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and 

as blocks for G,,,(T) and Gn2(-y), respectively. 
Clearly, the elements of these matrices are continuous 

functions of a: > 0 and af 2. 0 in a sphere containing 
the true parameters. Since limn+m (l/n) C;=, n!$?,% 
exists by assumption, then condition (2) of Theorem 3 
is satisfied. Further, condition (3) of Theorem 3 is satis- 
fied since the variance of 8; is of order [C:=, (n,- 1)I-l 
and the variance of 6: is of order 

max { [Ct=l (n, - 1)]-1, t - l } .  

The existence of the fourth moments of the u,, implies 
that the variances of 8: and 8: exist. The result of 
Corollary 3 thus follows from Theorem 3. 

3. THE TWO-FOLD, NESTED-ERROR MODEL 

3.1 Model Presentation 

We extend the model considered in Section 2 to the 
case where there is a two-fold nesting structure in the 
data. The variable under study, y, thus has three sub- 
scripts. The first subscript distinguishes the “individual” 
in the sample, the second subscript distinguishes the 

measurement” for the particular individual, and the 
third subscript distinguishes the (‘determination’’ of the 
measurements on the individuals. We assume that t 
“individuals” are chosen at random and n; “measure- 
ments” are taken on the ith individual, each of these 
measurements having K, (‘determinations”’ We thus 
assume that, for a given individual, the number of 
determinations is the same for each measurement. We do 
not require that the number of measurements or the 
number of determinations be the same for all individuals. 
The linear model is expressed as 

( (  

Y i j k  = ~ ~ - 1  X i j k m P m  + uijk, k = 1, ’ ’ ’ , Ki; 
j = 1, . . .  , mi; 
i = 1, . .  * ,  t ;  (3.1) 

and 

where 
Uijk = v i  + e;j + E i j k  (3.2) 

Yijk denotes the value of the variable obtained at the kth deter- 
mination of the jth measurement on the ith individual in the 
sample ; 

z;jkm, m = 1, . . ., p, denote the levels of the p control variable3 
at which the observation Y i i k  is obtained (the Z;jkm are as- 
sumed fixed constants) ; 

pm, m = 1, . . ., p, denote the unknown parameters to be esti- 
mated; and 

Uijk,  the random error associated with the observation y i j k ,  is 
assumed the sum of the random effects associated with the 
ith individual (ui), the jth measurement on the ith individual 
(e,j), and the kth determination of the jth measurement on 
the ith individual (eijb). 

We assume that the random errors vi, eij, and C i j k  

are independently distributed with zero means and 

a: 2 0, and a: > 0. The covariance structure for the 
random errors Uijk in the two-fold, nested-error model 
(3.1) is thus expressed by 

variances uv, 2 2  m e ,  and a:, respectively, where at 2 0, 

2 2 2  E(U,jkU;,j,ki) = uv + Ue + Ue, if i = i’, j = j ‘ ,  k = k‘ 

, k#k‘ = a, 2 2  + a e ,  if i = i ’  j = j r  

- all, 

= 0, if i # i’. 

- 2 if i = i’, j # j ;  

A classical example of the two-fold, nested-error model 
is the splibsplit-plot experiment. In  our notation, t would 
represent the number of whole-plots in the experiment, 
n (where n; = n for all i) would represent the number of 
split-plots per whole-plot, and K (where K; = K for all i) 
would represent the number of split-split-plots per splib 
plot in the trials. A second example is subsampling within 
primary, secondary, and tertiary sampling units. 

3.2 Transformation for the Two-Fold, Nested-Error Model 

For the two-fold, nested-error model, we suggest the 
transformation 

(yijk - aligij. - QZigi..) 

* 
= c:=l (xijkm - a l i 3 i j . m  - aZi3i..m)Prn + Uijk, 

, t ,  (3.4) k = 1, . . .  , K i ;  j = 1, . . ., ni; i = 1, . . . 

(3.4a) 

Kia; + n;K;u:)]t. (3.4b) 

denote the averages of the 
~ 

y- and x-determinations for the j th  measurement on the 
ith individual; and g; . . ,  3,..,,,, m = 1, 2, . . . , p ,  denote the 
averages of the y- and x-measurements for the ith indi- 
vidual. In  Theorem 4 we prove that the errors, u!jk, are 
uncorrelated and have variances a:. 

Theorem 4: For the linear model (3.1)-(3.3), the 
transformed errors, U:,k E U i j k  - aliUij. - (YziUi.., where 

uncorrelated and have variances rt. 
Proof: It can be shown that the transformation (3.4) is 

obtained by twice applying the one-fold, nested-error 
transformation (2.4). An alternative approach is to 
demonstrate that the transformation arises from the use 
of Lemma 1. This approach is outlined with the use of 
the matrix notation. We express the linear model (3.1) as 

U i j .  = x k l l  K. U;jk/Ki and U;.. = Cine1 xfL1 Uijk/niKi, are 

y = x g + u  (3.5) 
where 

Y!. = (yij~, yij2, . . -, y i j ~ ~ )  and the X and u matrices are 
similarly constructed. 

$3 
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The number of observations in this linear model, 
C:=l n,Ki, is denoted N2. As in the onefold, nested-error 
model, we denote C:=l fa ;  by N I .  The covariance matrix 
for the vector u in the linear model (3 .5)  is the block- 
diagonal matrix 

transforms the error vector ui of model (3.5) to one with 
errors that are uncorrelated with variances equal to one. 
Thus the matrix Ti = acVLf  transforms the error vector 
ui to variables with variances equal to u:. The matrix 
Ti is equivalently expressed as 

where 
2 2 2  1 Va = U;L,K, + u ~ M ~ , K ,  + u?Jn,K, (3.64 

and In,K, denotes the identity matrix of order n,K,, 
M n , ~ ,  denotes the Kronecker-product matrix of I n ,  and 
JK,, and Jn,K, denotes the square matrix of order ntK* 
with all elements equal to one. 

- Cac/(ac + Ktai + nlKaaf)lt} - JntKr.  (3.9) 

Thus, by pre-multiplying the two-fold, nested-error 
model (3.5) by the block-diagonal matrix 

naK, 

The covariance matrix V, is equivalently expressed as T1 0 . . .  

(3.923) 

1 we obtain the transformed model that is expressed 
Jn$x.> algebraically by equation (3.4). 

2 2 1  3.3 Estimation of Variance Components + (u: + Kiue + niKiav) - J n i K i  (3.7) 
niKi We present the fitting-of-constants estimators for the 

Lemma 1, t i e  matrix 8: = 2’2/(N2 - N1 - p + Xl2) (3.10) 

where 2% is the residual sum of squares from the regres- 
sion and XIz is the number of x-variables that have con- 
stant values for all determinations of measurements for 

1 1 J ~ ; K ; ) / ( c :  + Kist)' individuals. 
From the regression of the y-deviations, Y;jk - y;.., on 

the x-deviations, xijkm - 3;,.rn, m = 1, 2, . . ., p ,  that are 

+ - Mni~i - - 
niKi ( K i  

+ 1 JniKi/(a: + ~ ~ ~ 2 ,  + ni~iu: )+  (3.8) not identically zero, we obtain the unbiased estimator 
n,Ki for uz 

where 

8‘8 denotes the residual sum of squares from the regression; 
XI denotes the number of z-variables that have constant values for measurements of individuals; 

(X - XCI..)) denotes the “2 X ( p  - XI) J matrix of the values of the independent variables in the regression; and 
(%i. - Z;..) denotes the ( p  - XI) row vector of the non-zero deviations, 

%ij.m - % L . ~ ,  for the jth measurement on the ith individual. 

The estimator for is 
ni  2 G’G - (Nz - p)6:  - (N2 - tr [(X’X)-l zf-1 zj=~KiXij.xij.])dt 

u, = 
N z  - t r  [(X‘X)-l C‘ nfK2jt’ 3 1 i-1 s a i . .  .. 

(3.11) 

(3.12) 
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where 

6% denotes the residual sum of squares from the regression of 
Y on X in model (3.5); 

Zij. denotes the (1 X p )  vector of means of the z-values for the 
determinations of the j t h  measurement for the ith individual; 
and 

l,.. denotes the (1 X p )  vector of means of the z-values for the 
determinations and measurements on the ith individual. 

I n  practice, if a negative value is obtained for 8: or 8:, 
the corresponding variance component is estimated by 
zero. 

In  balanced split-split-plot experiments, the transfor- 
mation factors CYI, and a 2 i I  defined by (3.4a) and (3.4b), 
are functions of expectations of mean squares from 
the associated analysis-of-variance table. That is, a:, 

(at + Kaz), and (at + Kat + nKa:) are the expectations 
(in our notation) of the split-split-plot, split-plot, and 
whole-plot error mean squares, respectively (see [8, p. 
3811). This implies that for data from a traditional split- 
split-plot experiment, the transformation factors (3.4a) 
and (3.4b) can be estimated directly from the analysis-of- 
variance table for the data. 

A proof completely analogous to that of Theorem 2 can 
be used to show that the estimated, generalized least- 
squares estimator for the two-fold nested model is un- 
biased under the condition of Theorem 2.  Likewise, the 
conditions of Corollary 3 are sufficient for this estimator 
to have the same limiting distribution as the generalized 
least-squares estimator with known variance components. 

4. CONCLUSION 

The transformations suggested for use with the nested- 
error models considered in this article are such that the 
variances of the transformed errors are the same as that 
of the error term in the final state of [‘nesting.” This fact 
is useful for goodness-of-fit testing in certain research 
situations. For example, if the data arising from a split- 
plot field experiment are used for the estimation of a 
crop-response function, the split-plot and whole-plot 
error mean squares from the analysis of variance are used 
to  estimate the variance components unbiasedly. Under 
the hypothesis of a given response function (assumed to  
be a linear model), the residual mean square from the 
regression with the transformed data estimates the vari- 
ance of the split-plot error. An approximate F-test for 
goodness-of-fit for the hypothesized response function is 

thus obtained, given that the errors are normally dis- 
tributed (e.g., see [ 2 ,  121). 

In  this article, attention has been confined to trans- 
formations useful in the estimation of linear models with 
nested-error structure. In  recent years the linear model 
with the error decomposition ui, = vi + ej + ti,, i = 1, 
2,  . . . , N ;  j = 1, 2, . . . , T, has been considered for the 
combining of cross-section and time-series data in econo- 
metrics (e.g., [l, 9, 131). In  another paper [3], the 
authors discuss the estimation of linear models with this 
error structure. 
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